Abstract. In this paper various properties of global and local changes of variables as well as properties of canonical transforms are investigated on modulation and Wiener amalgam spaces. We establish several relations among localisations of modulation and Wiener amalgam spaces and, as a consequence, we obtain several versions of local and global Beurling-Helson type theorems. We also establish a number of positive results such as local boundedness of canonical transforms on modulation spaces, properties of homogeneous changes of variables, and local continuity of Fourier integral operators on F L q . Finally, counterparts of these results are discussed for spaces on the torus as well as for weighted spaces.
Introduction
The main purpose of this paper is to investigate the invariance properties of modulation spaces and certain types of Wiener amalgam spaces under changes of variables. We establish different positive and negative results in these spaces as well as in closely related Fourier Lebesgue spaces. Let us point out that a natural ingredient of our analysis is to consider also the canonical transforms which are changes of variables on the Fourier transform side. The canonical transforms play an important role in the analysis of partial differential equations because they allow to transform operators into each other by changes of variables on the Fourier transform side (e.g. [8] ). Regularity properties of canonical transforms are important for various applications, for example in recent applications to global smoothing problems for evolution equations (e.g. [23, 24] ).
Since the Fourier image of a modulation space is a Wiener amalgam space it is natural to consider invariance properties of changes of variables and canonical transforms on both spaces. Another space of interest is the space F L q , 1 ≤ q ≤ ∞, which is the image of the Lebesgue space L q (R n ) under the Fourier transform. In fact, when localised in space, this space coincides with modulation spaces M p,q and Wiener amalgam spaces W p,q , so the question of continuity in F L q (R n ) is related to the question of continuity in its image under the Fourier transform, which is the usual L q (R n ). For example, when investigating a property of the local boundedness of canonical transforms in L q (R n ), we can reduce the analysis to an equivalent question of the Fourier-local boundedness of changes of variables in F L q (R n ). We note that these questions are usually quite delicate since there is a loss of regularity of Fourier integral operators in L q -spaces (cf. [28] ), which is dependent on the underlying geometry (cf. [22] ).
The question of the invariance of function spaces under changes of variables is of fundamental importance since it allows to introduce counterparts of these spaces on manifolds via localisations. Thus, both local and global invariance properties are of importance. Unfortunately, many spaces of interest have a so-called Beurling-Helson property which means that a C 1 change of variables which leaves the space invariant must be affine (for space F L 1 on the torus this goes back to Beurling and Helson [5] ). For example, this property was established in F L q in [19, 29] , and in modulation spaces in [20] . In Theorem 2.4 we also establish it for Wiener amalgam spaces. Our analysis is based on the fact that when localised in space, function spaces M p,q , W p,q and F L q all coincide (see Theorem 2.1). This will follow from the fact that when localised in frequency, function spaces M p,q , W p,q and L p also coincide. This observation puts the study of the Beurling-Helson property on Wiener type spaces in a unified setting, as well as simplifies the proof in the case of modulation spaces given in [20] . In Corollary 2.3 we state various equalities of localisations of these spaces and Theorem 2.4 gives the Beurling-Helson properties for both changes of variables and canonical transforms.
However, it turns out that we can still prove some positive results. For example, in Theorem 2.5 we will show that if the pullback by a change of variables ψ : R n → R n is bounded on L q (R n ) then the corresponding canonical transform I ψ (which is the pullback by ψ on the Fourier transform side) is locally continuous on M p,q , W p,q and F L q . On the Fourier transform side this gives a Fourier-local continuity of the change of variables induced by such ψ (see Theorem 2.5 for a precise statement).
On the other hand, phase functions which come from the theory of Fourier integral operators are positively homogeneous of order one ( [18] ). This means that the analysis of the invariance properties is important also outside of the C 1 category. In Theorem 2.6 we give a result to this end which shows that different types of properties are possible. In particular, we establish a Beurling-Helson type result in this case as well by using the theory of Fourier integral operators in an essential way.
At the same time, positive results will allow us to improve the continuity properties of Fourier integral operators related to canonical transforms in F L q -spaces. In particular, in [7] , it was shown that Fourier integral operators are locally bounded on F L q (R n ) provided that the amplitude is in the symbol class S −n|1/2−1/q| 1,0
. In Theorem 2.7 we remove the decay condition in the case of canonical transforms and show that the corresponding operators with amplitudes in S 0 0,0 (or even in M ∞,1 ) are still locally bounded in F L q (R n ). Finally, in Theorem 2.8 we investigate other homogeneous changes of variables which may have singularities on sets of different dimensions. For them, we show continuity in modulation and Wiener amalgam spaces. In the proof of this theorem we use Gabor theory of modulation spaces and certain decompositions of homogeneous mappings (cf. Chapter 12 in [17] ). This result extend previously known properties on F L q and on M p,q with p = q. Modulation spaces were introduced by Feichtinger in [12] and [13] during the period 1980-1983. The basic theory of such spaces was thereafter established and extended by Feichtinger and Gröchenig (see e. g. [13, 14, 15, 17] , and references therein). Roughly speaking, the (classical) modulation space M p,q is obtained by imposing a mixed L p,q norm on the short-time Fourier transform of a tempered distribution. A major idea behind these spaces is to find useful Banach spaces, which are defined in a way similar to Besov spaces, in the sense of replacing the dyadic decomposition on the Fourier transform side, characteristic to Besov spaces, with a uniform decomposition. From the construction of these spaces, it turns out that modulation spaces and Besov spaces in some sense are rather similar (see [1, 30, 31, 32] for sharp embeddings).
It appears that in some respects these spaces have better properties from the point of view of evolution partial differential equations. For example, it was shown in [4] that propagators for the wave and Schrödinger equations are bounded on modulation spaces, compared to the usual loss of derivatives in Sobolev spaces (see e.g. [28] ). We point out in Remark 2.2 that propagators of the form e it|D| α are actually locally continuous on M p,q (R n ) and W p,q (R n ) for all p, q and all t, α ∈ R (compared to the case of 0 ≤ α ≤ 2 on M p,q (R n ) analysed in [4] and to the well-known loss of derivatives in local L p spaces, e.g. for α = 1 for the wave equation or for the KdV equation for α = 3, etc).
Counterparts of these properties as well as of other results of this paper for spaces on the torus are discussed in the last section. In particular, we observe the equality
This immediately reduce the analysis of the Beurling-Helson property to the original paper of Beurling and Helson [5] as well as to the extensions in [19] . In particular, in the case of q = 1 the above equality can be viewed as a characterisation of absolutely convergent Fourier series.
Moreover, we show the boundedness of canonical transforms on these spaces. Finally, we will remark that propagators of the form e it|D| α are actually isometries on M p,q (T n ) for all p, q and all α ∈ R, and will discuss periodic weighted spaces. We note that Theorem 2.1 emphasizes difficulties with the definition of modulation and Wiener amalgam spaces on manifolds. However, the global definition is still possible in the presence of the group structure. For example, modulation spaces on locally compact abelian groups were investigated in [13] . It is also possible to introduce these spaces on general compact Lie groups with the global interpretation of pseudo-differential operators as in [27] . In this case results of Section 5 can be extended to the setting of general compact Lie groups.
In Section 2 we state our results. Section 3 will introduce necessary definitions and terminology. Proofs and further comments of various nature will be given in Section 4. Section 5 are devoted to giving some remarks on counterparts of our results for spaces on the torus. In the appendix we will discuss weighted spaces.
Results
First of all we remark some fundamental identities, which show that in the E ′ and F E ′ categories, modulation, Wiener amalgam, and F L q (or L q ) spaces coincide (the relation between M p,q and F L q spaces has been known before, see further for references). In all sections except for Section 5 we deal with spaces on R n .
Theorem 2.1. Let 1 ≤ p, q ≤ ∞. Then the following equalities hold:
with equivalence of norms. Moreover, let Ω ⊂ R n be compact. Then the estimates
hold for all f ∈ S ′ with supp f ⊂ Ω, where constant C > 0 is independent of Ω and f , Ω = {x ∈ R n : dist(x, Ω) < 1}, and | Ω| is the Lebesgue measure of Ω.
We note that (2.2) is equivalent to
We note also that a weighted version of equalities (2.1) will be given in Remark 4.2.
Remark 2.2. In [31] it was proved that e i|D| 2 is bounded on each modulation space, and in [4] it was shown that for 0 ≤ α ≤ 2, operators e i|D| α are bounded on modulation spaces
. In particular, this covers wave and Schrödinger propagators.
On the other hand, Theorem 2.1 can be used to establish local continuity properties for a broader class of Fourier multipliers. More precisely, assume that
In particular we may choose m(ξ) = e i|ξ| α , for any α ∈ R, and this observation together with the corresponding results on the torus (see Section 5) increase the expectation that Fourier multipliers e i|D| α should be bounded on M p,q (R n ) also for α outside of the interval [0, 2].
Since we are going to investigate properties of operators in localisations of function spaces both in space and in frequency, it is convenient to introduce the following notation. Let X ⊂ S ′ (R n ) be a normed linear spaces. Then we introduce the following notation for functions which are compactly supported either in space or in frequency (2.3)
as well as localisations of these spaces (2.4)
All these spaces inherit the metric from X and from F X in a natural way. We will say that for normed linear spaces X, Y ⊂ S ′ , a mapping T : X → Y is locally bounded (or locally continuous) if it is continuous from X comp to Y loc , and that it is Fourier-locally bounded (or Fourier-locally continuous) if it is continuous from X F comp to Y F loc .
Since
F comp , by Theorem 2.1, and since trivially
we obtain the following corollary to Theorem 2.1:
and
Now we introduce two important operators. Given a mapping ψ from R n to itself, we define the change of variables ψ * by
and the canonical transform I ψ by
for functions f on R n . Clearly, we have the equality (2.5) Theorem 2.4. Let 1 ≤ p, q ≤ ∞, 2 = q < ∞, and let ψ : R n → R n be a C 1 -function. Assume that one of the following conditions are fulfilled:
Then ψ is an affine function.
It was pointed out in [20] that in the case of M p,q in condition (i) the statement essentially reduces to the Beurling-Helson type theorem on F L q which was treated earlier in [5, 19, 29] . We will give a simplified proof of such reduction using Theorem 2.1, with a simple proof of equalities (2.1), at least in the case when one does not need to keep track of constants in (2.2). Theorem 2.1 also allows us to treat the Wiener amalgam spaces (so we formulate Theorem 2.4 in a unified way).
We note that pairs of assumptions (i)-(ii) and (iii)-(iv) in Theorem 2.4 are obviously equivalent in view of (2.5). However, we choose to write all of them explicitly because of the following result that shows that non-affine transforms can be allowed if we just consider the local boundedness of I ψ on modulation spaces, or if we localise a change of variables on the Fourier transform side in Wiener amalgam spaces:
Then the following is true:
Another important class of canonical transforms that arises in applications to partial differential equations and in the theory of Fourier integral operators is the class of functions ψ positively homogeneous of order one, which means that ψ(λx) = λψ(x) for all λ > 0 and all x ∈ R n . In this case, this function is no longer C 1 everywhere, and we have mixed results already on the space
Theorem 2.6. Let ψ : R n → R n be positively homogeneous of order one and let q be such that 1 ≤ q ≤ ∞. Then the following is true:
(i) assume that the inverse ψ −1 exists on R n \0 and satisfies
. By using relation (2.5) we can easily obtain a counterpart of this theorem for canonical transforms I ψ . We note that part (i) is a straightforward consequence of Theorem 2.5, (ii). The main statement is part (ii), and (i) serves to highlight a difference between L q and F L q for such problems. The proof of (ii) will rely on some properties of Fourier integral operators in an essential way.
Let us now discuss an implication of the boundedness result for the regularity properties of Fourier integral operators. We note that since ψ * is bounded on L q (R n ) in the assumptions of Theorem 2.5, it follows that I ψ is bounded on F L q (R n ). By an argument similar to the one that we will give in the proof of Theorem 2.5 this implies that I ψ is continuous from (F L q ) comp to (F L q ) loc , so that Theorem 2.5 also follows if we use the equalities from Theorem 2.1. This is related to the question of the local boundedness of Fourier integral operators on F L q . Let T be defined by
where Φ is a non-degenerate real-valued phase function. In [7] , it was shown that if the phase function is non-degenerate and homogeneous of order one and if the amplitude a(x, ξ) is compactly supported in x and belongs to the symbol class S m 1,0 with m ≤ −n|1/q − 1/2|, then T is bounded on (F L q ) comp . Moreover, they showed the order m to be sharp for a special choice of the phase function Φ(x, ξ). However, Theorem 2.5 implies that if we take the amplitude a in the class S 0 0,0 , and the phase function corresponding to the canonical transforms, operator T is still locally continuous on
for all multi-indices α, β and all x, ξ ∈ R n ). Thus, we have the following result:
We note that this result is also true for p = ∞ and q = ∞ if we use the modification as in Remark 3.1.
We will also discuss non-affine transforms which induce the globally bounded changes of variables on M p,q or W p,q . Note that such transforms must not be a C 1 -mappings in view of Theorem 2.4. Moreover, we will show that the BeurlingHelson type theorem fails if we allow derivatives of ψ to have singularities of types important for applications to partial differential equations. One example of this is Theorem 2.6. In fact, to prove the conclusion of part (ii) of Theorem 2.6 we will use the sharpness results on the L q boundedness of Fourier integral operators established in [21] .
Finally, we establish several positive results for homogeneous changes of variable which may have more singularities than only at the origin. We investigate properties for mappings of the form
when acting on modulation spaces or Wiener amalgam spaces. Here S and T are linear mappings on R n such that
is a bijection on R n , for each choice of j 1 , . . . j n ∈ {0, 1}. In particular, the following situations are covered by (2.6):
, which follows by choosing S = 0 and T = Id R n ;
, which follows by choosing
For such mappings we have the following result:
Theorem 2.8. Assume that p, q ∈ (1, ∞), and assume that S and T are linear mappings on R n such that for each j 1 , . . . j n ∈ {0, 1}, the map (2.7) is bijective. Then the map (2.6) from S (R n ) to S ′ (R n ) extends uniquely to continuous mappings on
Theorem 2.8 says in particular that if a homogeneous of order one function ψ has more singularities than only at the origin, then ψ * may still be bounded on modulation and Wiener amalgam spaces M p,q and W p,q . We note that this type of statement on F L q appeared in [19] while the case of M p,p was analysed in [20] . All these results will be proved in Section 4. Some results of this paper were partially announced by authors in [25] .
Preliminaries
Let S (R n ) and S ′ (R n ) be the Schwartz spaces of all rapidly decreasing smooth functions and tempered distributions, respectively. We define the Fourier transform F f and the inverse Fourier transform
We introduce modulation spaces based on Gröchenig in [17] . Fix a function ϕ ∈ S (R n ) \ 0 (called the window function). Then the short-time Fourier transform V ϕ f of f ∈ S ′ (R n ) with respect to ϕ is defined by 
Then the following are true:
Next, we discuss Wiener amalgam spaces. We let L p,q
(Note that the general definition of Wiener amalgam spaces in [12] permits function and distribution spaces which are not considered here.) Since
we see that
This implies that the definition of W p,q (R n ) is independent of the choice of the window function ϕ ∈ S (R n ) \ 0, since the modulation space M q,p (R n ) is so. By the same reason, we also have
, and other properties similar to those of M p,q . In Appendix A, we consider general modulation spaces and weighted versions of Wiener amalgam spaces.
Proofs of the main results, and some further remarks
In this section we prove our results. The following proposition is needed in the proof of Theorem 2.1. 
(ii) there exists a constant C > 0 such that
where Ω = {x ∈ R n : dist(x, Ω) < 1}, and C > 0 is independent of Ω.
Proof. Let Ω be a compact subset of R n , and let ϕ ∈ S (R n )\0 with supp ϕ ⊂ B(0, 1), where B (0, 1) is the open ball with radius 1 centred at the origin. Assume that f ∈ S ′ (R n ) with supp f ⊂ Ω. Then,
for all ξ ∈ R n . We first consider the case p ≤ q. By Minkowski's inequality,
On the other hand, by Hölder's inequality,
Since M p,q ֒→ M q,q , we see that
We next consider the case p ≥ q. In the same way as in the case p ≤ q, by Minkowski's inequality, we have f W p,q ≤ f M p,q . On the other hand, by Hölder's inequality, we see that
Hence, it follows from the embedding M q,q ֒→ M p,q that
The proof is complete.
We are now ready to prove Theorems 2.1-2.5.
Proof of
n and k∈Z n Φ(ξ − k) ≡ 1. Now, we can observe that if Ω ∈ R n is a compact set contained in an open cube with side-length 2 (but centred at any point) and if f ∈ E ′ (Ω) then we get
Moreover, if the support of f is an arbitrary compact set, we get finite sums of these expressions, implying the second line in (2.1). The first line follows from the second one by taking the Fourier transform. Finally, estimates in (2.2) follow from Proposition 4.1.
We note that the identity
in (2.1) also follows from Remark 1.3 (4) in [6] , and it was announced in several conferences by the authors, including "Mathematical modeling of wave phenomena 05", in Växjö, Sweden (see also Remark 4.2 below). A more recent alternative proof of the latter equality can be found in [20, Lemma 1] . In this context we pay attention to the simplicity of the proof of Theorem 2.1 here as above, based on our choice of using the norm (4.1) instead of short time Fourier transforms. The equality
concerning Wiener amalgam spaces W p,q appears to be new. In Remark 4.2 below we give an extension of (2.1), based on a different technique compared to the proof of Theorem 2.1, and which involves weighted spaces. These considerations are dependent on some multiplication and convolution properties for modulation spaces which we shall discuss now.
Remark 4.2. In addition to two proofs contained in this paper, there are also other ways to obtain the inclusion (2.1). In fact, we can use the multiplication properties for modulation spaces in Appendix A to obtain the latter inclusion in a more general context involving spaces of the form M p,q (ω) and W p,q (ω) , which are now dependent of the weight function ω ∈ P(R 2n ) (cf. Appendix A for precise definitions of
and W p,q (ω) .) We claim that
with equivalence of norms. Indeed, assume that f ∈ M ∞,q
0 is equal to 1 in the support of f , and
Hence Proposition A.1 gives
′ is independent of p. By similar arguments it follows that W p,q (ω) ∩ E ′ is independent of p. The first two equalities in (2.1) ′ is now a consequence of (A.1).
The last part of (2.1) ′ follows by similar arguments, using Proposition A.2 instead of Proposition A.1. Alternatively, the second line in (2.1)
′ follows from the first line and the Fourier inversion formula.
Before proving Theorem 2.4, let us point out the following immediate consequence of Proposition A.1 in Appendix, which we will use to investigate localisation properties. In what follows we let M ψ denote the multiplication operator M ψ f = ψ · f , for appropriate functions or distributions f and ψ. Proposition 4.4. Let 1 ≤ p, q < ∞ and ψ ∈ S ′ (R n ). Then the following is true:
Proof. Assume that ψ(D) is bounded on W q,p (R n ). By (3.2), we see that
Hence,
In the same way, we can prove the others in Proposition 4.4. On the other hand,
Proposition 3.6] and [2]).
Remark 4.7. We note that W ∞,1 is contained in the set of continuous functions (in the distributional sense). Since M ∞,1 ⊆ W ∞,1 the same is automatically true for the space M ∞,1 . Since we were not able to find this statement in the literature, we will now give a simple justifying argument. Assume that f ∈ W ∞,1 and choose a window function χ ∈ C ∞ such that χ(0) = 1. Then function
belongs to L 1 for every fixed x 0 . Hence its inverse Fourier transform
is continuous. Since χ(y − x 0 ) is smooth and non-zero around y = x 0 , it follows that f (y) is continuous around x 0 . Since x 0 was arbitrarily chosen it follows that f is continuous everywhere.
Proof of Theorem 2.4.
Let us first consider condition (ii) in which case the statement is a straightforward consequence of the same statement for F L q (Beurling-Helson type theorem; see also [5, 19, 29] for the case of F L q and [20] for the case of M p,q ). The case of W p,q in (ii) follows if we use the equality (2.1) for the localised versions. Now, since conditions (i) and (iii) as well as (ii) and (iv) are equivalent, respectively, in view of relation (2.5), it is enough to show that assumption (i) implies (ii). But this follows immediately from Proposition 4.3 and the inclusion C Proof of Theorem 2.5. Here, because (i) and (ii) are equivalent in view of (2.5), all we need to show is the boundedness of χ 1 (x)I ψ χ 2 (x) on M p,q , where
. Equivalently, we may show the boundedness of χ 1 (D)ψ * χ 2 (D) on W p,q if we use the relation (3.2). The latter is induced by the L q (R n )-boundedness of χ 1 (D) and χ 2 (D) (1 ≤ q ≤ ∞) due to Young's inequality (note that the kernels are in L 1 ).
Proof of Theorem 2.7. Indeed, since pseudo-differential operator a(x, D) with symbol a ∈ M ∞,1 is bounded on the modulation space M p,q (R n ), it is also locally continuous on M p,q (R n ) in view of Proposition 4.3. But then T = a(x, D)•I ψ is locally continuous on M p,q (R n ) by Theorem 2.5, and hence also on F L q and W p,q by Theorem 2.1.
Proof of Theorem 2.6. (i) It follows that
) is also positively homogeneous or order one. Hence its derivative Dψ −1 is homogeneous of order zero and hence bounded on R n . Consequently, ψ * is bounded on L q (R n ) for all 1 ≤ q ≤ ∞ and statement (i) follows from Theorem 2.5.
(ii) Suppose now that ψ * is continuous on L(F L q (R n )) for 1 ≤ q ≤ ∞, q = 2. Then it follows that I ψ is bounded (and hence also locally bounded) on L q (R n ) (the conclusion that I ψ is locally bounded on
In turn, this implies that ψ must be a linear function, if we use the critical orders for the L q -boundedness of Fourier integral operators obtained in [21] . For completeness (and also to include boundary cases q = 1 and q = ∞), let us give this argument in more detail. We can assume that 1 ≤ q < 2 since the case 2 < q ≤ ∞ follows by considering the adjoints.
Let ψ : R n → R n and assume that ψ ∈ C ∞ (R n \0) and that it is positively homogeneous of order one. Let us define k by setting max ξ∈R n \0, y∈R n rank ∇ 2 ψ(ξ)y = n − k.
First we observe that the canonical relation of the Fourier integral operator I ψ is given by Λ = {(∇ψ(ξ)y, ξ, y, ψ(ξ)) : y ∈ R n , ξ ∈ R n \0}.
Its projection Σ = π(Λ) to the base space R n × R n is a set of dimension ≤ 2n − k. At points where rank ∇ 2 ψ(ξ)y = n−k this is a smooth manifold of dimension 2n−k (with its conormal bundle equal to Λ). Let it be locally given by the set of defining equations h j (x, y) = 0, j = 1, . . . , k, with ∇h 1 , · · · , ∇h k linearly independent. By Hörmander's equivalence of phase functions theorem ( [18] ) we can microlocally rewrite I ψ in the form
where λ = (λ 1 , . . . , λ k ) and a ∈ S
is (microlocally) elliptic. Now, let us take f in the form f = (I − ∆) −s/2 δ y 0 for some y 0 in the smooth part of the set Σ y = {y ∈ R n : (x, y) ∈ Σ for some x}. . . . , h k ), we easily find that
locally uniformly in x, where Σ y 0 is the set of all x ∈ R n such that (x, y 0 ) ∈ Σ. Since I ψ f is smooth along Σ y 0 , we find that
Since we assumed that 1 ≤ q < 2 and that I ψ is locally continuous on L q (R n ), it follows that k = 0, which means that ψ must be linear. 
for some real-valued non-degenerate matrix A and δ ∈ S 0 (R n ) with Dδ ≪ 1. Then using the expression (4.1) for norms we have
. Now, we observe the estimate
, which holds since x is bounded and δ is of order zero. Combining these estimates together and using the boundedness of
Before proving Theorem 2.8, we first consider the simple case of it allowing a harmonic analysis interpretation.
Remark 4.9. Let us prove that
where 1 < p, q < ∞. Since
that is, we obtain (4.3), where M χ is the operator of multiplication by χ (see Proposition 4.3). Hence, it is enough to prove the boundedness of M χ (−∞,0) and
, (see the proof of Theorem 2.1). On the other hand, it is known that, for all 1 < p, q < ∞,
, where H is the Hilbert transform,
(see [ In the general case of Theorem 2.8, the proof is based on some investigations of Gabor expansions of elements in M p,q and W p,q . More precisely, let {x j } j∈I and {ξ k } k∈I be lattices in R n , and consider functions or distributions of the form
for some sequences c = {c j,k } j,k∈I and χ ∈ M p 0 \ 0, where 1 ≤ p 0 ≤ 2. We note that f makes sense as an element in M p 0 when c belongs to l 
We have the following proposition.
, and let {x j } j∈I and {ξ k } k∈I be lattices in R n . Then the map
Proof. We only prove the mapping properties for l p,q 1 . The other case follows by similar arguments and is left for the reader.
We may assume that p 0 = min(p, p ′ , q, q ′ ). First we observe that the result holds in the case p 0 = 1 or p 0 = 2, in view of the general Gabor theory on modulation spaces (cf. Chapters 6 and 12 in [17] ). The result now follows for general p 0 , by multi-linear interpolation between these cases. The proof is complete.
Next we consider multiplication properties of M p,q spaces and W p,q with certain types of step functions. For this reason it is convenient to make the following definition.
Definition 4.11. Let (1) Σ 0 (R n ) be the set of all functions ψ such that
(2) Σ(R n ) be the set of all functions ψ such that
We have now the following result.
Proposition 4.12. Assume that ψ ∈ Σ(R n ) and
Proof. It is no restriction to assume that ψ is as in Definition 4.11 with {x j } j∈J = Z n and
We only prove the assertion for M p,q . The other case follows by similar arguments and is left for the reader.
First we assume that ψ ∈ Σ 0 , and we let χ j (t) for j = 0, 1, 2 and t ∈ R be defined by the formulas χ 0 (t) = max(1 − |t|, 0), χ 1 (t) = χ 0 (t)χ (−1,0) (t), and χ 2 (t) = χ 0 (t)χ (0,1) (t), where χ (a,b) is the characteristic function of the interval (a, b). By straight-forward computations it follows that χ 0 ∈ M 1 (R), and that χ (−1,0) , χ (0,1) ∈ M 1,q for every q > 1. Hence Proposition 4.3 gives
with n factors in the tensor products, then
n , and
Next assume that f ∈ M p,q is arbitrary, and let {x j } j∈J = Z n . Then
for some lattice {ξ k } k∈J and sequence {c j,k } ∈ l p,q
1 . This follows from the general Gabor theory for modulation spaces (cf. Chapter 12 in [17] ). Furthermore, by Proposition 4.10 it follows that
makes sense as an element in M p,q for every l ∈ {1, 2} n , and, hence
in view of (4.9). It therefore suffices to prove that ψ · f l ∈ M p,q for every l. First assume that {c j,k } ∈ l 1 0 . From the assumptions if follows that
where χ Q is the characteristic function of the unit cube [0, 1] n , and {d j } ∈ l ∞ . Then ψ · f l ∈ M p,q is well-defined, and by the definitions we have
where
Since {d j } ∈ l ∞ , it follows that
Hence ψf l ∈ M p,q in view of Proposition 4.10, and the result follows in this case. Next assume that ψ ∈ Σ is arbitrary, ϕ j as in Definition 4.11 (2) , and let C > 0. Then we may split up {x j } j∈Λ into sublattices {x j } j∈Λ 1 ,. . . ,{x j } j∈Λ N such that if j 1 , j 2 ∈ Λ m and j 1 = j 2 for some 1 ≤ m ≤ N, then the distance d j 1 ,j 2 between x j 1 + Q and x j 2 + Q is larger than C. Now set
Since ψ = m ψ m , the result follows if we prove that the map f → ψ m · f extends uniquely to a continuous map on M p,q and on W p,q for every 1 ≤ m ≤ N.
From the fact that d j 1 ,j 2 ≥ C it follows that there is a non-negative function φ ∈ C ∞ 0 (R n ) such that φ = 1 on Q and supp φ j 1 ∩ supp φ j 2 = ∅ when j 1 , j 2 ∈ Λ m for some m and j 1 = j 2 . Here φ j = φ(· − x j ). This gives ψ m = b c where
In particular, c is a smooth function on R n and bounded together with all its derivatives, and b ∈ Σ 0 (R n ), which imply that
By the first part of the proof, and Proposition 4.3, it follows that M b and M c are bounded on M p,q and on W p,q . Hence Proof of Theorem 2.8. Assume that f ∈ S . For any θ ∈ {0, 1} n , set
where χ is the characteristic function of the set
Since compositions by affine mappings are continuous operations on modulation spaces, Proposition 4.12 shows that the map f → g θ from S to S ′ is uniquely extendable to a continuous map on M p,q and on W p,q . The assertions is now a consequence of the fact that
when f ∈ S (R n ). The proof is complete.
Wiener type spaces on the torus, and properties of periodic distributions
In this section we will indicate counterparts of our results in the case of spaces on the torus as well as make several related observations. Some of these remarks concern Wiener type properties for periodic distributions. In fact, there is a one-toone corresponding between periodic distributions (periodic continuous functions) and distributions (continuous functions), respectively, on the torus.
We fix the notation T n = (R/2πZ) n as well as the Fourier transform and its inverse given by
For the analysis of pseudo-differential operators on the torus using the Fourier series and for the justification of operators below we refer to [26] . We note also that canonical transforms on the torus can be viewed as a special case of Fourier series operators considered in [26] . A straightforward modification of the definitions of the modulation and Wiener amalgam spaces from (4.1) is
, for some Φ with compact support in Z n (in the discreet topology). Then we can easily observe the equalities (which can be regarded as a counterpart of Theorem 2.1 in the local setting)
In particular, in the case of q = 1 this equality can be viewed as a characterisation of absolutely convergent Fourier series. Further, as a counterpart of Theorem 2.4 the Beurling-Helson property automatically holds on M p,q (T n ) and W p,q (T n ) because of the original Beurling and Helson theorem [5] (q = 1) as well as extensions for other q ( [19, 29] ).
As a counterpart of Theorem 2.5 we observe that if ψ :
Next, we recall the result of [4] that for 0 ≤ α ≤ 2 operators e i|D| α are bounded on modulation spaces M p,q (R n ), 1 ≤ p, q ≤ ∞ (for the definition see Remark 3.1). In particular, this covers wave and Schrödinger propagators.
To give a counterpart of Remark 2.2 on the torus, using (5.1) we easily conclude that propagators e i|D| α are bounded on M p,q (T n ) and W p,q (T n ) for all 1 ≤ p, q ≤ ∞ and all α ∈ R. Moreover, they are isometries on these spaces if we induce their norms from the space F l q (T n ). We also note that results of this section can be extended to general compact Lie groups G if we use a natural extension of the global definition of modulation and Wiener amalgam spaces using the duality between G and the space of its continuous irreducible unitary representations G (as in [27] ).
We finish this section with the following proposition for periodic distributions, parallel to (5.1). Here we refer to Appendix A for the definition of the weighted spaces M p,q
is periodic, and that ω ∈ P(R 2n ) is such that ω(x, ξ) = ω 0 (ξ), for some ω 0 ∈ P(R n ). Then the following conditions are equivalent:
, it follows from Proposition A.1 in Appendix A that (1) implies (2) and (3) implies (4) .
Next assume that (2) is fulfilled, and consider F (x, ξ) = V ϕ f (x, ξ), where ϕ ∈ C ∞ 0 \0. Then F (x, ξ) is a smooth function and period in the x-variable, with the same period t ∈ R n as f . Let Q ⊆ R n be a cube with side length t, and let χ ∈ C ∞ 0 (R n ) be equal to 1 in the set Q + supp ϕ. Then we have
This proves that (2) is equivalent to (1).
In the same way it follows that (3) is equivalent to (4). In particular, if (2) or (4) are fulfilled for a particular p, then they are fulfilled for any p ∈ [1, ∞]. Hence, (A.1) in Appendix A gives that (2) , (4) and (5) are equivalent. This proves the result.
Appendix A, Some remarks on weighted Wiener type spaces
In this appendix we make some reviews of general (or weighted) modulation spaces and weighted versions of W p,q , and some multiplication and convolution proerties of such spaces. We start to consider appropriate conditions on the involved weight functions.
for some constant C which is independent of x, y ∈ R n . If in addition, v can be chosen as a polynomial, then ω is called polynomial moderated. We let P(R n ) be the set of polynomial moderated functions on R n . For any ω ∈ P(R n ), it follows that
for some polynomial P on R n . Next assume that ϕ ∈ S (R n ) \ 0 and ω ∈ P(R 2n ) are fixed. Then the modulation space M p,q (ω) (R n ) consists of all f ∈ S ′ (R n ) such that V ϕ f (x, ξ)ω(x, ξ) ∈ L for some constant C which is independent of N and f 1 , . . . f N ∈ S (R n ). By HahnBanach's theorem it follows that the convolution map A problem here concerns the uniqueness for the extensions of multiplications and convolutions, since it easily appears that there may be situations where more than one of those p j or q j are allowed to be equal to ∞. Consequently, S might fail to be dense in more than one of the involved modulation or Wiener amalgam related spaces. In these situations, we define multiplications and convolutions between elements in modulation spaces in the same way as in [31, 32] , using the formulae Proposition A.1. Assume that p j , q j ∈ [1, ∞] and ω j ∈ P(R 2n ) for j = 0, . . . , N satisfy (A.2) for some constant C, independent of x, ξ 1 , . . . , ξ N ∈ R n . Then the following is true:
(1) (f 1 , . . . , f N ) → f 1 · · · f N is a continuous, symmetric and associative map from M
, which is independent of the choice of ϕ 0 , . . . , ϕ N in (A.8). Furthermore, (A.3) holds for some constant C which is independent of f j ∈ M p j ,q j (ω j ) (R n ) for j = 1, . . . , N;
(2) (f 1 , . . . , f N ) → f 1 · · · f N is a continuous, symmetric and associative map from W
, which is independent of the choice of ϕ 0 , . . . , ϕ N in (A.8). Furthermore, (A.4) holds for some constant C which is independent of f j ∈ M p j ,q j (ω j ) (R n ) for j = 1, . . . , N.
Proposition A.2. Assume that p j , q j ∈ [1, ∞] and ω j ∈ P(R 2n ) for j = 0, . . . , N satisfy (A.5) for some constant C, independent of x 1 , . . . , x N , ξ ∈ R n . Then the following is true:
(1) (f 1 , . . . , f N ) → f 1 * · · · * f N is a continuous, symmetric and associative map from M
, which is independent of the choice of ϕ 0 , . . . , ϕ N in (A.9). Furthermore, (A.6) holds for some constant C which is independent of f j ∈ M p j ,q j (ω j ) (R n ) for j = 1, . . . , N;
(2) (f 1 , . . . , f N ) → f 1 * · · · * f N is a continuous, symmetric and associative map from W
, which is independent of the choice of ϕ 0 , . . . , ϕ N in (A.9). Furthermore, (A.7) holds for some constant C which is independent of f j ∈ M p j ,q j (ω j ) (R n ) for j = 1, . . . , N.
